SL Paper 2

a. (i) Show that % (secOtan 6 + In(secd + tan §)) = 2sec®d .

(i) Hence write down [ sec36d6 .

b. Consider the differential equation (1 + z2) S—Z +xy =1+ x? giventhaty = 1 whenz = 0.

(1)  Use Euler’s method with a step length of 0.1 to find an approximate value for y when z = 0.3 .
(i) Find an integrating factor for determining the exact solution of the differential equation.
(iii)  Find the solution of the equation in the form y = f(z) .

(iv)  To how many significant figures does the approximation found in part (i) agree with the exact value of y when ¢ = 0.3 ?

Markscheme

a. (i) ;—9 (secHtan @ + In(sec O + tan 0))

— anpd 2 0 tan §+sec®0
= sec’f + sec ftan“0 + SecsecaGIJlrta;e&C MI1AIAI

Note: Award M1 for a valid attempt to differentiate either term.

= sec30 + sec O(sec’0 — 1) +secd Al
=2sec’d AG

(i) [sec®0df = é(sec Otan6 + In(secf + tan6))(+C) Al

[5 marks]
. dy Ty
- (1) 521—1”2 Al

x ¥ dy/dx 0.1dy/dx
0 1 1 0.1
0.1 1.1 08910891089 | 0.08910891089
0.2 1.189108911 | 07713252094 | 0.07713252094
0.3 1.266241432

Note: Accept tabular values correct to 3 significant figures.

y~127whenz =0.3 Al

(i)  consider the equation in the form

oy o1 (M
the integrating factor I is given by

I:expf( L )dm Al

1+a2

MIiAdl
Al
Al
Al



= exp(%ln(l + m2)> Al

=Vita® Al

Note: Accept also the fact that the integrating factor for the original equation is

1
Vita? -’

(iii)  consider the equation in the form
dy Ty
2 - 2
Vi+zx o T —— Vi+zx (M1)

integrating,

yvI+a2=[1+a2dz Al
to integrate the right hand side, put z = tan @ , dz = sec?0df MI1A1

JV1+22dz = [/1+ tan?0.sec’0df Al

= [sec’0dd Al

= % (secftand + In(secd + tan b))

= 1 (+VTT @+ Iz + VIT ) Al
the solution to the differential equation is therefore
WITe? = 3 (VI + (e +VIT ) ) +C a1

Note: Do not penalize the omission of C at this stage.

y=1whenz =0givesC =1 MIAI

the solution is y = —2= (evI+ @7 +In(o + VIT o)) + == 4l
z T

(iv) whenz=0.3,y=1.249... Al

the approximation is only correct to 1 significant figure A1

[24 marks]

Examiners report

a. Most candidates managed to solve (a) successfully although some solutions required a page or more to complete with candidates rewriting

sec @ and tan € in terms of sin # and cos 6 which increased the complexity of the problem and sometimes led to algebraic errors.

b. Most candidates made a good attempt at (b) (i), those candidates who gave their solution in tabular form being most successful. In (b)(ii), most
candidates found the correct integrating factor but many were unable to solve the differential equation in (b)(iii) with some failing to see that

the result in (a) was intended as a hint for an appropriate substitution.

b. (i) Show that the improper integral fooo %Hdac is convergent. [6]



o0
(ii)  Use the integral test to deduce that the series n+ﬂ is convergent, giving reasons why this test can be applied.
n=0

o0 n
. . (1" .
c. (i) Show that the series n;] 7 is convergent.

(i)  If the sum of the above series is .S, show that % <S< % .

o0
n
d. i z
For the series n;ﬂ o

(i) determine the radius of convergence;

(i)  determine the interval of convergence using your answers to (b) and (c).

Markscheme

b. (i) consider fUR wzlﬂ dz Ml

= [arctan(m)]§ = arctan(R) Al

lim arctan(R) = = (a finite number) RI
R—o0 2

hence the improper integral is convergent AG

(i)  the terms of the series are positive A1
the terms are decreasing A1
the terms tend to zero A1

by the integral test, the series converges AG

[6 marks]
c. (i) the absolute values of the terms are monotonically decreasing A1

tozero Al
the series converges by the alternating series test RIAG

Note: Accept absolute convergence, with reference to part (b)(ii) = convergence.

(i) statement that successive partial sums bound the total sum RI

§S>1-1+4 Al

1
,E+

[y R
A= o=
g~ 3=

:]‘|>_. o] o

S < + = = 0.6588 AI

$<0.6588 <2 AG

[6 marks]

(i) consider

_ x(n?+1)
T ()P

—|z|asn = 00 Al

therefore radius of convergence =1 A1

(6]

(6]



(i) interval of convergence = [—1,1] AIAl

Note: A1 for [—1, and A1 for 1].

[6 marks]

Examiners report

b. Although the various parts of this question were algebraically uncomplicated, many candidates revealed their lack of understanding of the
necessary rigour required in the analysis of limits, improper integrals and the testing of series for convergence. In (b)(i), the upper limit in the

integral was often taken as infinity, without any mention of an underlying limiting process.

c. Although the various parts of this question were algebraically uncomplicated, many candidates revealed their lack of understanding of the

necessary rigour required in the analysis of limits, improper integrals and the testing of series for convergence.

d. Although the various parts of this question were algebraically uncomplicated, many candidates revealed their lack of understanding of the
necessary rigour required in the analysis of limits, improper integrals and the testing of series for convergence. Many candidates were more

confident with part (d) than with the other parts of the question.

Consider the differential equation

% +ytanz = 2sec?z, 0 < z < % given that y = 1 when z = 0.

a.i. By considering integration as the reverse of differentiation, show that for

0<z<

N

/sec zdz = In(secz + tanz) + C.

a.iiHence, using integration by parts, show that

/sec3acda: =

b.i.Find an integrating factor and hence solve the differential equation, giving your answer in the form y = f(w)

(secztanz + In(secz + tanz)) + C.

| =

b.iiStarting with the differential equation, show that

d2y
—~ +y=2sec’ztanz.
da? y

b.iiilHence, by using your calculator to draw two appropriate graphs or otherwise, find the x-coordinate of the point of inflection on the graph of

y = f(z).

Markscheme

(4]

[4]

(9

(3]

(4]



. d sec z tan z-+sec’x
ai.—(In(secz + tanz)) = ~secatiamz M1

=secx A1l
therefore [sec zdz = In(secz + tanz) + C  AG

[4 marks]
a.ii.fsec%da: = fsecm x sec’zdx M1

=secztanz — [secztan’zdz A1A1

=secztanz — [secz(sec’z — 1)dz A1

=secztanz — [sec’zdz + [seczdz

=secztanz — [sec’zdz + In(secz + tanz) A1

2 [sec’zdz = (secztanz + In(secz + tanz)) AT
therefore

[sectzdz = %(sec ztanz + In(secz + tanz)) + C  AG

[4 marks]

iint factor = e/ tanzdz  (q)

(o2

— glnsecz  (aq)

=secx A1

the differential equation can be written as

%(y secz) = 2sec’z  M1A1

integrating,

ysecx = secztanz + In(secz + tanz) + C A1

puttngx =0, y=1, M1

c=1 A1

the solution is y = cosz (secz tanx + In(secx + tanz) + 1) Af1

[??? marks]

b.iidifferentiating the differential equation,

d? a
7 + otanz + ysec’z = dsec’ztanz  ATAT
&y 2 2., 2
el + (2sec T — ytanm) tanz + ysec’x = 4sec’zxtanx At
d2
d—; +y= 2sec’ztanz AG
[??? marks]
d?
b.iiiat a point of inflection, d—z‘z =0soy= 2sec’ztanz  (M1)

therefore the point of inflection can be found as the point of intersection of the graphs of y = cos z (sec z tanz + In(secz + tanzx) + 1)
andy = 2sec’ztanz  (M1)
drawing these graphs on the calculator, x = 0.605 A2

[??? marks]

Examiners report



ai VA
ailNVA
b.i. VA
b.il /A

b.ilN/Al

d
Consider the differential equation %

o

(o2

Using Euler’s method with increments of 0.2, find an approximate value for y when z = 1.

. Explain how Euler’s method could be improved to provide a better approximation.

c. Solve the differential equation to find an exact value for y when z = 1.

d. () Find the first three non-zero terms of the Maclaurin series for y.

(i) Hence find an approximate value for y when z = 1.

Markscheme

Ste ; '
a. P Xetart Ystare Vyew = Varare +h(%]m
0 0 1 1
1 02 1 1.08
2 04 1.08 1.256
3 0.6 1256 1.5472
4 0.8 1.5472 1.97664
5 1 1.97664

2z + y — 1 with boundary condition y = 1 when x = 0.

(M1)(A1)(A1)(A1)

Note: Award M1 for equivalent of setting up first row of table, A1 for each of row 2, 3 and 5.

approximate solution y = 1.98 A1

b. make the increments smaller or any specific correct instruction — for example change increment from 0.2 to 0.1

dy

integrating factor is e

Lye®)=e?(2c—1) M1

[ —1dz —

—T

(M1)(A1)

attempt at integration by parts of [€ *(2z — 1)dz

=—(2z—-1)e "+ [2e "dz
=—(2z—1)e * — 2e *(+c¢)

ye ¥ =—(142z)e *+c

y=—(142z)+ ce®

A1

A1

whenz =0, y=1=c=2 M1

y=—(142z)+2 =

A1

whenz =1, y = -3+ 2e

A1

(5]

(1]

E]

(5]



d. () METHOD {1

F0)=1, f(0)=0 A1

d2y d
= =2+ =fH0)=2 A1
d? d?

$3
hencey:1+m2+?+... A1

Note: Accuracy marks are independent of each other.

METHOD 2

2 3
using Maclaurin series for e =1 4z + % + =

o T M1

y=—1—2x+2(1+x+§+§_f+...) M1A1

y:1+x2+%3—|—... A1

() whenz=1,y=1+1++=1=233 Af

Examiners report

a. Most candidates were successful in applying Euler's method and in explaining how it could be improved to provide a better approximation.
b. Most candidates were successful in applying Euler’s method and in explaining how it could be improved to provide a better approximation.

c. In part c) many candidates successfully used an integrating factor to solve the differential equation but a significant minority were unable to make a

meaningful start.

d. Part d) produced many fully correct answers, but candidates sometimes used their own answers to part c) to derive the Maclaurin series rather
than the given equation. In most cases this did not cause a problem but a small number of candidates produced an expression of such complexity

that they were unable to differentiate to the required number of terms.

. . . _ (@+2) | (@42’ | (@+2)°
The function f(z) is defined by the series f(z) =1 + + + +....

3x1 32x2 33x3
A.aWrite down the general term. (1]
A.bFind the interval of convergence. [13]
B. Solve the differential equation (u + 37)3)3—2 = 2v, giving your answer in the form u = f(v) . [8]

Markscheme

A.athe general term is (i;ﬁ% Al



[1 mark]

A.bl; ant1 R T (£+2)n+1 3"n
lim = lim | o X =25 MIAIAI

n—o0\ n n—oo | 3" (n+1) (z+2)
. (z+2)n
- r}ggo [ 3(n+1) } Al
(z+2) . .
= —— since = JE&LLH} =1 AIRI
(z+2)

the series is convergent if ’ ‘ <1 RI

3

then -3<z+2<3=-b<z<l Al

ifm:—5,seriesisl—1+%—%—i—...—l—ﬂ—|—...Whichconverges MIAl

n
ife=1,seriesis1+ 1+ % —&-%—|—...+%—|—...whichdiverges MIAI
the interval of convergenceis =5 <z <1 Al

[13 marks]

B. (u+ 3v3)% =2v

du (u+30%) o 32
w5 —wm T % MIiAl

du_u_gv
dv 2v 2 Al

%:f?’”Tdv M1

3 5
=zv2+tc Al

u:%v3+c\/ﬂ Al

[8 marks]

Examiners report

A.aln (a) the general term was usually found.
A.bPart (b) was completed mostly except for testing the ends of the interval of convergence.

B. A surprising number of candidates started off their solution by saying "let x = v and y = v " as if the world suddenly changed when x and y
were not being used in a differential equation. Some also after seeing u and v thought they had a homogeneous equation and got lost in a maze

of algebra that lead nowhere. Find i—z by inverting the given expression was also something that only the best candidates were able to do.

The function f is defined by f(z) = In(1 + sinz) .

When a scientist measures the concentration p of a solution, the measurement obtained may be assumed to be a normally distributed random

variable with mean p and standard deviation 1.6.



-1
1+sinz °

A.aShow that f"(z) =

A.bDetermine the Maclaurin series for f(z) as far as the term in =

A.cDeduce the Maclaurin series for In(1 — sin z) as far as the term in z* .

2

A.dBy combining your two series, show that In sec z = % +

[

1

[N

. . 1;
A.eHence, or otherwise, find lim ———2
20 zvVT

B.aHe makes 5 independent measurements of the concentration of a particular solution and correctly calculates the following confidence

interval for w .

Determine the confidence level of this interval.

B.bHe is now given a different solution and is asked to determine a 95% confidence interval for its concentration. The confidence interval is

required to have a width less than 2. Find the minimum number of independent measurements required.

Markscheme

Aaf'(z) = <=2 MIAl

1+sinz

" __ —sinz(l+sina)—cos’z
f (CIJ) h (1-',—sinac)2 M1

—sinz—1
= —- Al
(1+sinz)

= —— AG

1+sinz

[4 marks]

ASf!(e) = Al

. . 2 . 2
; —sinz(1+sinz)” —2(1+sinx)cos“z
7 (z) = ( ) _ (4 ) Al
(1+sinz)

f(0)=0,f'(0) =1, f"(0) =1, f(0) =1, f*(0) = 2

Note: Award A1 for 2 errors and A0 for more than 2 errors.

ln(l—&—sin:c):x—g—Z—l—%—s—‘f—;—i—... MIAl

[6 marks]

Acln(l —sinz) = In(l +sin(—z)) = -2z - & - & — 5 +...

[2 marks]
A.dAdding, MI
In(1— sin2:c) =Incos’z Al

=L ... Al

4

[22.7,26.1]

(42)

MIAI

(4]

(6]

[2]

[4]

[2]

(5]

(5]



z 2z
Ae.lnsecz _ e 2’Vz +... Ml

T Vz 2 12
Limit=0 Al
[2 marks]

B.alnterval width = 26.1 — 22.7 = 3.4
S03.4=22x X M141
V5

z=2375... Al

Probability = 0.9912 A1

Confidence level = 2 x 0.4912 = 98.2% Al
[5 marks]

B.bz-value = 1.96 A1

We require
1.96x1.6
Vn

Whence n > 9.83 Al
Soweneedn =10 Al

2 x <2 MiIAl

Note: Accept = signs throughout.
[5 marks]

Examiners report

A.alNVAl
N
AcNVA]
A.dNVA]
AeNVAI
B.alVAl
B VA

n
Let S, =Y,
k=1

el

a. Show that, forn > 2, S9, > S, + % .

b. Deduce that So;1 > S + % .

c. Hence show that the sequence {Sy, } is divergent.

Markscheme

1
8. Son =5+ 557 T s

1 1 1
> Syt ot o ot o  MIAL

=S.+3 AG

(3]

[7]

(3]



[3 marks]
b. Replacing n by 2n,

Sin > Son+ 5 MIAI
>S,+1 Al
Continuing this process,
Ssn > Sp+ 2 (A1)

In general,

Symp > Sp+ 5 MIAI
Puttingn =2 Ml
Sym+1 > S 4 % AG

[7 marks]
c. Consider the (large) number N. M1

Then, Sopy1 > N if Sy + 3 >N Al
ie.ifm > 2(N —S;) Al

This establishes the divergence. AG
[3 marks]

Examiners report

/A
b, [N/A]

C_' IN/A]

. . . . dy _ =z
Consider the differential equation 3 = 3, where y # 0.

a. Find the general solution of the differential equation, expressing your answer in the form f(w, y) = ¢, where c is a constant. [3]

b. () Hence find the particular solution passing through the points (1, :I:\/i) [5]
(i)  Sketch the graph of your solution and name the type of curve represented.

c. () Write down the particular solution passing through the points (1, =+ 1). [3]
(i) Give a geometrical interpretation of this solution in relation to part (b).

d. (i) Find the general solution of the differential equation % = % + % where zy # 0. [12]
(i)  Find the particular solution passing through the point (1, 1/2).
(iliy  Sketch the particular solution.
(iv)  The graph of the solution only contains points with |IE| > a.

Find the exact value of a, a > 0.

Markscheme



a. attempt to separate the variables M1

fy%dm = [zdz A1
Note: Accept [ydy = [zdz.

obtain 3y? = 3z + constant (= y* — 22 =c) Af

[3 marks]

b. (i) substitute the coordinates for both points M1

(£v2)2-12 =1
obtain y* — 2 = 1 or equivalent A1
i 3
(0, 1)
X
i) b A1A1
(0,-1)
v

Note: A7 for general shape including two branches and symmetry;

A1 for values of the intercepts.

(rectangular) hyperbola A1
[5 marks]
c. (i) Yy -z2=0 A1

(i) the two straight linesy = +x A1
form the asymptotes to the hyperbola found above, or equivalent A7

[3 marks]

d. () the equation is homogeneous, so attempt to substitute y = va M1

as a first step write g—z = wj—z +v (A1)

thenm% +v= %+v A1

attempt to solve the resulting separable equation M1

Jvdv = f%dm At

obtain %1)2 =In|z| + constant = y? = 2z%In|z| + cz® AT
(i)  substituting the coordinates  (M1)

obtain ¢ = 2 = y% = 2z’ In|z| + 22> A1



v

A1

4
=

(i) -

(iv) sincey?>0andz?#0 R1
Injz| > -1=|z| >e! A1

a=el A1
Note: The R1 may be awarded for a correct reason leading to subsequent correct work.

[12 marks]

Examiners report

a. Although (a), (b) and (c) were generally well done, it was rare to see a completely satisfactory geometrical answer to part (c)(ii). A few candidates

solved the differential equation as a homogeneous equation.

b. Although (a), (b) and (c) were generally well done, it was rare to see a completely satisfactory geometrical answer to part (c)(ii). A few candidates

solved the differential equation as a homogeneous equation.

c. Although (a), (b) and (c) were generally well done, it was rare to see a completely satisfactory geometrical answer to part (c)(ii). A few candidates

solved the differential equation as a homogeneous equation.

d. For part (d) most candidates used the correct solution method for a homogeneous differential equation. A few found the algebra hard going in

finding the particular solution. Most approaches to the final part were unsatisfactory, with a lack of proper consideration of the inequalities in the

question.
a. Using a Taylor series, find a quadratic approximation for f(z) = sin x centred about z = %’T. [4]
b. When using this approximation to find angles between 130° and 140°, find the maximum value of the Lagrange form of the error term. [71

c. Hence find the largest number of decimal places to which sin z can be estimated for angles between 130° and 140°. 1]



d. Explain briefly why the same maximum value of error term occurs for g(:p) = cos x centred around ; when finding approximations for angles  [3]

between 40° and 50°.

Markscheme

a. f(z) =sinz, f'(z) =cosz, fP(z) = —sinz M1

hence the quadratic Taylor Polynomial is

F(- (%) -30-%)))

b. f(z) =sinz, fO(z) = —cosz (A1)

1 1 (m— 377)7 L (%)

it
the Lagrange form of the error term is: | R,,(z)| < % max | f" (k)|
"“37”3 3
|Ry(z)| < —; max |f3(k)|  (M1)
il
2(z)| < max |— cos
[Ra(2)| < —5; |—cosk| A1

in this case |— cos k| < |—cos140| (A1)

il

P
|Ra(z)| < 3!4 |— cos 140|
choosing 140° = 114% M1
Un_3f
= |Ry(z)| < %‘—cosm—7r A1

therefore the maximum value of the error term is 8.48 x 107> A1
C. |Ry(z)| < 8.48 x 10° = 0.0000848 hence for angles between 130° and 140° the approximation will be accurate to 3 decimal places ~ A1
13
Ja—4|

d. |Ry(z)| < Pral

3'1 max [sink| (M1)

since the max value of | 3(k)| is sin 50° which is the same as [cos 140°| ~ A1R1

then the error is the same AG

Examiners report

a. Part a) was answered successfully by most candidates. However, the majority of candidates struggled to gain full marks on the remainder of the

question.
b. In part b) candidates struggled to work out which angle to use to find the maximum value.

c. Part a) was answered successfully by most candidates. However, the majority of candidates struggled to gain full marks on the remainder of the

question.

d. In part d) most candidates understood that this was related to a translation of the sine graph but were unable to explain it convincingly.



A machine fills containers with grass seed. Each container is supposed to weigh 28 kg. However the weights vary with a standard deviation of

0.54 kg. A random sample of 24 bags is taken to check that the mean weight is 28 kg.

A.aAssuming the series for e , find the first five terms of the Maclaurin series for (8]

Ab(i)  Use your answer to (a) to find an approximate expression for the cumulative distributive function of N(0, 1) . [6]

(i) Hence find an approximate value for P(—0.56 < Z < 0.5) , where Z ~ N(0,1) .

B.aState and justify an appropriate test procedure giving the null and alternate hypotheses. (5]
B.bWhat is the critical region for the sample mean if the probability of a Type I error is to be 3.5%? [71
B.cIf the mean weight of the bags is actually 28.1 kg, what would be the probability of a Type II error? [2]

Markscheme
Aae® =1+ + L + & 4 &4

2

eT =1+ (-%)+ C5) (7_?> S5 v

2
| | a2 zt _ af z
= == (1-5+ tg) Al

[3 marks]
Ab) = fFl-ff oL tdt Ml

3 5 7 9
= L (g2 4 &y 2
= (m T 3 T 3456) Al

9

1 3 5 27
P(Z<a)=05+—=(2— % + 35— 2+ —..)  RIAI
s _ 2 05° | 05° 057 0.5°

=0.38292 = 0.383 Al

|6 marks]
B.athis is a two tailed test of the sample mean x
we use the central limit theorem to justify assuming that R1
X ~N (28, %) RIAI
Hy: u=28 Al
Hy:p#28 Al



[5 marks]

B.bsince P(Type I error) = 0.035 , critical value 2.108  (M1)A1

and (z < 28 — 2,108/ 222 orz > 28 4 2.1081/ %L ) (MD)AD(AL)

z < 27.7676 or x > 28.2324
sox <27.8orx > 282 AlAl
[7 marks]

B.cif u = 28.1
X 0.54”
X ~N(281,%5) RI
P(Type Il error) = P(27.7676 < = < 28.2324)
=0.884 Al

Note: Depending on the degree of accuracy used for the critical region the answer for part (¢) can be anywhere from 0.8146 to 0.879.

[2 marks]

Examiners report

A.aThe derivation of a series from a given one by substitution seems not to be well known. This made finding the required series from (e*) in part

(a) to be much more difficult than it need have been. The fact that this part was worth only 3 marks was a clear hint that an easy derivation was

possible.
A.bln part (b)(i) the 0.5 was usually missing which meant that this part came out incorrectly.

B.aThe conditions required in part (a) were rarely stated correctly and some candidates were unable to state the hypotheses precisely. There was

some confusion with "less than" and "less than or equal to".
B.bThere was some confusion with "less than" and "less than or equal to".

B.cLevels of accuracy in the body of the question varied wildly leading to a wide range of answers to part (c).

a. The diagram shows a sketch of the graph of y = ™ forz > 0 . (5]



I
I
I
I I
(R

I I I

1 1 | | .
¥ - +2 n+3 x

1 n+l n

By considering this sketch, show that, forn € Z* |

er—4</n x_f<zﬁ'

r=n-+ r=n

CLetS=> L.

Use the result in (a) to show that, for n > 2, the value of S lies between

nly 1 LA 1
>, atgzand ) o+ o
=17 r=1"

i n

(i) Show that, by taking n» = 8 , the value of S can be deduced correct to three decimal places and state this value.

(i) The exact value of S is known to be %Where N € Z" . Determine the value of N .

(71)7%1

. Now letT =Y ~——.
r=1 r

Find the value of T correct to three decimal places.

Markscheme

a.

M

(M1)

total area of "upper" rectangles
o0
_ 1 1 1 _ 1
= ><1+mr><1+mr X1+... r;wA MIAI
total area of "lower" rectangles
= L X1+ Lo x14+ L ox14...= io: Looal
(n+1)° (n+2)" (n+3) rmt1 ™

(o]

the total area under the curve from & = n to infinity lies between these two sums hence > % < fn
r=n-+1

(8]

(6]

(3]



[5 marks]

. first evaluate the integral
= T Ml
no oot T |33, T 33

it follows that
31 1
Z Y < = Al

3
r=n+1 3n

n
adding 3. = to both sides, M1

r=1"

S<» L+t al

3
r=1 r 3n
similarly,
= 1 1
> > ga Al
=T 3n

ré

adding nZi L to both sides, M1
n717

$> ¥ St as Al

hence the value of S lies between

§%+;ﬁand§%+3—:ﬁ AG

[8 marks]

. (i) puttingn = 8, we find that

5 <1.08243...and S > 1.08219... AlAl
it follows that S = 1.082 to 3 decimal places A1

(i)  substituting this value of S,

_nt
1.082

N =90 Al

N~ ~ 90.0268 MI1A1

[6 marks]
. EITHER

successive partial sums are

1 Ml

0.9375

0.9498...

0.9459...

0.9475...

0.9467...

0.9471... Al

it follows that correct to 3 decimal places T' = 0.947
OR

Al



T=S- =8 MlAl

using part (c)(i) or 0.94703 . . . using the sum given in part (c)(ii) 0.9471 ...
it follows that T" = 0.947 correct to 3 decimal places A1

[3 marks]

Examiners report

a. Most candidates attempted (a), although in many cases the explanations were poor and unconvincing.
b. It was pleasing to see that some candidates who were unable to do part (a) moved on and made a reasonable attempt at (b) and (c).
c. It was pleasing to see that some candidates who were unable to do part (a) moved on and made a reasonable attempt at (b) and (c).

d. Attempts at (d) were often disappointing with candidates not realising that, in this case, the sum to infinity lies between any two successive

partial sums.

Consider the functions f,(z) = sec™(x), |z| < 3 and g,(z) = f,(z) tanz.

a. Show that (5]
L dfa(@)
(i) i nQn(m)i
dgn(z)

(ii) o = (n+ 1) fara(z) — nfa(z).
b. () Use these results to show that the Maclaurin series for the function f5(x) up to and including the term in ztis1+ %:ﬁ + %m‘*. [14]

(i) By considering the general form of its higher derivatives explain briefly why all coefficients in the Maclaurin series for the function f5(ac)
are either positive or zero.

(i) Hence show that sec®(0.1) > 1.02535.

Markscheme

a. (i) df;iw) = nsec” !(z)sec(x)tan(z) M1AT

= ngn(z) AG

(ii) dﬁ—iz) = %iz)tan(w) + fo(z)sec?(z) M1
ngn(z) tan(z) + fni2(x) or equivalent A1
nfn(z)tan®(x) + foro(z) or equivalent A1

= (n+1)for2(z) — nfalz) AG
Note: Award M1A1 for the correct differentiation of a product and A1 for an intermediate result clearly leading to the AG.

[5 marks]



b. () f5(0)=1 A1

i (0) = 5g5(0) =0 At

d*fs

7 (0) =5(6f7(0) —5f5(0)) =5 A1

3

L 308 958 g
af,

hence —7(0) =30 x0—-25x0=0 A1

d4f5 d2f d2f d2f5

—r =300, — 25— =210(8fy — Tf;) — 25— MIA1
a*f;

hence —(0) =210 — 125 =85 A1

85 4
ﬂw

hence fs(z) ~ 1+ 2% + AG
(i)  each derivative of f,,(z) is a sum of terms of the form A sec’(z) tan?(z) Af1
where A >0 A1

when & = 0 is substituted the result is the sum of positive and/or zero terms  R1

(iliy  since the full series represents f5(m) the truncated series is a lower bound (or some equivalent statement) R1

hence sec®(0.1) > 1 + %O.l2 + %0.14 m1

= 1.025354 A1
> 1.02535 AG
[14 marks]

Examiners report

a.

Part (a) was generally answered, albeit either with an excess of algebraic manipulation or with too little — candidates need to realise that when an

answer is given in the question, they need to convincingly reach that answer.

In part (b)(i), the results of part (a) were well used for up to the quadratic term. The obtaining of the cubic term, and more so the quartic term, was
often not convincing. In part (ii), poor communication let down many candidates. In answering part (i), many candidates failed to realise that in

order to prove the stated inequality, they needed to actually write down the number 1.025354..., which is clearly greater than 1.02535.

Consider the differential equation

a.

b.

& ysecz = z(secz — tanz), where y = 3 when z = 0.

dx
Use Euler’s method with a step length of 0.1 to find an approximate value for y when z = 0.3 . [5]
2
(1) By differentiating the above differential equation, obtain an expression involving :72 . [8]

(i) Hence determine the Maclaurin series for y up to the term in 2 .



(iii)  Use the result in part (ii) to obtain an approximate value for y when = 0.3 .
c. (i) Show that sec z 4 tan z is an integrating factor for solving this differential equation. [11]

(ii)  Solve the differential equation, giving your answer in the form y = f(z) .

(iii)  Hence determine which of the two approximate values for y when = 0.3 , obtained in parts (a) and (b), is closer to the true value.

Markscheme

a. X y dy/dx 0.1 dy/dx
0 3 —3 —0.3 fM1)
01 2.7 —2.623087855 —0.2623087855 (41)
02 2437691214 —2.323745276 —0.2323745276 {41)
03 2205316686 (41)

Note: The A1 marks above are for correct entries in the y column.

y(0.3) = 2.21 Al
[5 marks]

b. (i) use of product rule on either side M1

2
d d
d?y + sec xd—z +ysecztanz = secz — tanx + z(sec x tan x — sec’z) AIAI

(i) y(0)=3
y'(0) = —3,y"(0) =4 AlAl

the quadratic approximation is

2,1
y= (y(O) + zy'(0) + |%(°) :) 3—3z+222 (MDAl
(iii)  using this approximation, y(0.3) ~ 2.28 Al

[8 marks]

c. (i) EITHER

%(secx +tanz) = secztanx + sec’z Al

secz(secz + tanz) = sec’z +secxtanx Al

as these two expressions are the same, this is an integrating factor RIAG

OR
(secz + tanz) (% + ysec m) = (secz + tanz)z(secxz — tanz) M1
Note: RHS does not need to be shown.

LHS = %(sec z + tanz) + y(sec z| tanz + sec’z) Al
= :—zy(sec z +tanz) Al

making LHS an exact derivative

OR



integrating factor = efseczdz  pr7

. 2
since -LIn(secz 4 tang) = SCTIAMTISCCL _ o0y MIAL
dx sec z+tanx

integrating factor = e +tanz) — gec 4 tanz AG

(i) d%(y [secx + tanz]) = z(sec’z — tan?z) =z MIAl

y(secz +tanz) = %24—(: Al
z=0,y=3=>c=3 MIAI

y = 2246 Al

2(secz+tanz)

(i) whenz =0.3,y=2245... Al

the closer approximation is obtained by using the series in part (b) RI

[11 marks]

Examiners report

o INA
b, [N/A]
.. INA

—x

. The function f is defined by f(z) = ez+—2€ . [13]

[V

(i)  Obtain an expression for £ (z) , the nth derivative of f(z) with respect to z.

(i) Hence derive the Maclaurin series for f(x) up to and including the term in z* .

(iii))  Use your result to find a rational approximation to f (%) .
(iv)  Use the Lagrange error term to determine an upper bound to the error in this approximation.

oo
b. Use the integral test to determine whether the series > 12—2" is convergent or divergent. [9]
n=1

Markscheme

a (i) fO@) =" mpar

(n)
(i) Coefficient of 2" = L2 1)

_ (" (Al)

2n!

fl@)=1+Z + % +... Al

(i) Puttingz =< MI

1 1 433
F0.5) =1+ 5 + 5 = 551 (MDAI



f("H)(C) $n+l Ml

(iv) Lagrange error term = )

_ 909  (1)°
~ 7120 X(E) Al

f©®)(c) is an increasing function because — any valid reason, e.g. plotted a graph, positive derivative, increasing function minus a decreasing
function, so this is maximized whenx = 0.5. RI

(e0.5_e—0A5) 1 5
Therefore upper bound = ~——5— X (—) M1

=0.000136 A1

[13 marks]

b. We consider [, h;—fdm = [ Inzde (— %) MIAl

Inz ] oo lz
= [-22] T Bde atar

nz ] 1]
sl el A A
Now lim (1) =0 R
T—00
lim (%) = Jim (£) =0 M14I
T—00 T—00

The integral is convergent with value 1 and so therefore is the series. Rl

[9 marks]

Examiners report

o INVA]
b, IN/A]

The random variable X has probability density function given by

fz) = xe %, forx >0,
= 0, otherwise

A sample of size 50 is taken from the distribution of X.

3
a. Use I'Hopital’s rule to show that lim :7 =0.
T—00

b. () Find E(X?).
(i)  Show that Var(X) = 2.

c. State the central limit theorem.

d. Find the probability that the sample mean is less than 2.3.

Markscheme

(3]

(10]

2]

2]



a. attempt to apply ’'Hépital’s rule M1

lim 22 A1

T—00

then lim Z—f
T—00
then lim e% A1
T—00
=0 AG
[3 marks]
R
b- () E(X?) = lim [z’ *dz M1
R—>oo0

attempt at integration by parts M1

R
the integral = [—z’e | + [3z%e *dz  A1A1
0

R
= [—z%e *|® + [-3z%e *]f + ({ 6ze *dz M1
R

= [—2e ]I + [-3z%e | + [-6ze | + [ 6e"dz A1
0

= [—mge’z]OR + [—3:1:26’””]01% + [—6me’z]§ + [—Ge’z]é{ A1

=6 when R — oo R1

i) E(X)=2 A1

Var(X) = BE(X?) — (E(X))> =6 —22 M1
=2 AG

[10 marks]

c. if a random sample of size 7 is taken from any distribution X, with E(X) = p and Var(X) = o2, then, for large n, A1

the sample mean X has approximate distribution N (,u, %2) A1
[2 marks]

d. X~N (2, 2 _ (0.2)2> (A1)
P(X <23)=(P(Z < 1.5)) =0.933 A1

[2 marks]

Examiners report

IN/A]

b. In part (b) the infinite upper limit was rarely treated rigorously.

c. In answering part (c) many failed to say that the Central Limit Theorem is valid for large samples and for any initial distribution. The parameters of

the distribution were often not stated.

IN/A]



It is given that (5z + y) % = (z + 5y) and that when z = 0, y = 2.

a. Use Euler’s method with step length 0.1 to find an approximate value of y when = = 0.4.

2 2
b.i.Show that (5z + y) v _1_ (ﬁ) )

dz? dz
bl &’y &y dy\ [ %y
IShow that (53: +v) - = 75@ -3 (H) ==

b.iiFind the Maclaurin expansion for y up to and including the term in x5,

Markscheme
a. Euler’s method with step length h = 0.1 to find y when z = 0.4
v H] ] 1
X ' & n 3y y+
dx dx ’ dx
0 2 5 0.5 2.5
0.1 2.5 4.2 0.42 2.92
0.2 2.92 3.7755 0.37755 3.29755
0.3 3.29755 3.49923 0.349923 3.64747
0.4 3.64747

Note: Accept 3 significant figures in the table.
first line of table (M1)(A1)

line 2 (A1)

line 3 (A1)

hence y = 3.65 Al

Note: Accept any answer that rounds to 3.65.

[5 marks]
) d
b.i.(5z + y) d—z =z + 5y

dy | dy d%y dy
(5+a) &tz +y) gz =1+55 MIAIA1

Note: Award M1 for a valid attempt to differentiate, A1 for LHS, A1 for RHS.

2

d d dy\ 2
(52+y) o =1+59 ~ 53 — ()
& dy\ 2

5z +y) 57 =1- (d—;’) AG
[3 marks]
2 2
bii(5z +y) =51 — (j—j)

dy\ d a d a’
<5 + d_i/) d_;; + (52 + ) d_;; -2 (TZ) (d_x";) M1A1A1A1

d? d d? d? d d?
ot - 2(2) () 55 - () ()

[4 marks]

(5]

(3]

(4]

(5]



b.iiwhenz =0 y =2
whenz =0 =L =5 Af1

Whenx:0£:—12 A1

3

whenz = 0 ¥ =120 A1

Note: Allow follow through from incorrect values of derivatives.
y=2+5z — 622+ 202> M1A1

[5 marks]

Examiners report

o INA
b.i.[NA]
b.i [NA]

o.ilN/A

a. Find the value of lim (l — cot m) .
z—0\ 7T

b. Find the interval of convergence of the infinite series

(z+2) (z+2)° . (z +2)° .

Jr
3x1 3% x 2 3% x 3
c. (i) Find the Maclaurin series for In(1 + sin ) up to and including the term in x> .

(i) Hence find a series for In(1 — sin x) up to and including the term in z3 .

(iii)  Deduce, by considering the difference of the two series, that In 3 ~ % (1 + %) .

Markscheme

a. EITHER

— lim (ﬂ) , using 'Hopital A1

zsec2z+tan x

= lim ( 2sec’z tanz ) AlAl

7—0 \ 2sec2z+2zsec?z tan x
=0 Al
OR

lig(l)(% — cot m)
xr

- 1im(w> MiAl

50 Tsinz

(6]

(10]

(12]



= lim (&> , using ’Hopital A1

20 \ sinz+x cosx

_ hm( sin z+x cos ) AIAI

2cosx—zxsinz

z—0
=0 Al
[6 marks]
_ @2"
o un = S Al
(z+2)ntl
Upi1 _ 3tix(ntl)  (a42)n
Up @) T 3(n+1) MIAI
3Mxn
(z+2)n (2+2)
0 3(nt+l) ~— 3 MiAl
(z+2)

3 ’<1:>—5<:c<1 MIAI

if 2 = 1seriesis 1+ § + 3 + ... which diverges ~ AI

ifz = —b5 series is —1 + % - % +...4+ % which converges Al

hence intervalis —5 < x <1 Al
[10 marks]
c. ) f(z)=In(l+sinz), f(0)=0 Al

Fe) = £22 fO) =1 Al

1+sinz

" _ —sinz(l+sinz)—cos?lz __ —(l#sinz) 1 " _
f (:l}) o (1-‘,—sinac)2 o (1+sinm)2 T l4sinz ° f (0) =-1 Al

flll(l_) — COsS T 5, f//l(o) — 1 AI

(1+sinz)

3

M Zz T
In(l+sinz)~z— &+ & —... Al

(i) —sinz =sin(—z) MI

$0,In(1 —sinz) ~ —x — & — & — ..o Al

(iil) In(1+sinz)—In(1 —sinz)

l-sinz

~m(fR )~ 2w+ T MIAl

1

3
14+ I
let & :%then,ln(l+2) ~m3~2(F)+ (63) M14141

_1
2

™ -
=1 (1 n m) AG
[12 marks]

Examiners report

a. There was some confusion in differentiating twice using I’Hopital’s Rule but the confusion was made worse by not taking care to write legibly.

b. This was in general well done but some students did not bother to test the end points.



¢. (c)(i) This was generally well done with various approaches being used.

(i1) This part was often done by using the differentiation all over again instead of using part (i) again demonstrating a lack of appreciation of
where time and effort can be saved in answering questions and ignoring the word "Hence".

(iii) Candidates often managed to work their way through this question but with lack of clarity as to where % came from.

Consider the differential equation S—Z + ytanz = 2cos*z given that y = 1 when z = 0.

(a) Solve the differential equation, giving your answer in the form y = f(z).
(b) (i) By differentiating both sides of the differential equation, show that
d%y 5

= + y = —10sin zcos’z

(1))  Hence find the first four terms of the Maclaurin series for y.

Markscheme

(a) integrating factor = eftanzdz pry
_ lnsecz 47

=secx Al

sec m% +ysecxtanz = 2cos’z (M)
integrating,

ysecz = 2 [cos’zdz Al

=2 [cosz(1l —sin’z)dz Al
—2(sine — =) £ 0 Al

Note: Condone the absence of C.

(substitutingz =0, y = 1)

1=C M1

the solution is

y=2cosx (sinm — Si‘:fz) +cosx Al

[9 marks|

(b) (i) differentiating the equation,

2 d
%zé +ysec’z + tanz . = —8cos’zsinz  AIAI
Note: A1 for each side.

.- dy
substituting for -,
d2y

=t ysec’z + tan (2cos4ac —ytan a;) = —8cos’zsinz Al

2
% + y(sec’z — tan’z) = —8cos®z sin z — 2 tan zcos*x (or equivalent) A1
d2y

o7 Ty = —10sinzcos’z AG
(ii)) differentiating again,

d d . . .
Efé + % = —10cos*z + term involving sinz Al



it follows that
y(0)=1, y'(0)=2 Al
y"(0) = -1, y"(0) = —-12 Al

attempting to use y = y(0) + zy'(0) + %y"(O) + %—Sy'"(O) +... M)
=1+2—2 —223 Al
[9 marks]

Examiners report

[N/A]

(@) (i) Using I’Hopital’s rule, show that

n

lim = =0; neZ, AeR

Tr—00 e Z
(i)  Using mathematical induction on n, prove that

o0 n'
/ e Mdz = W; neN, AeR"
0

(b) The random variable X has probability density function

n!

f(x)_{wm>o,nez+,,\ek+

otherwise

Giving your answers in terms of n and A, determine

(i) BE(X);

(ii))  the mode of X.

(c) Customers arrive at a shop such that the number of arrivals in any interval of duration d hours follows a Poisson distribution with mean 8d.
The third customer on a particular day arrives T hours after the shop opens.

(i) Show that P(T > t) = e~ (1 4 8t + 32t%).

(i) Find an expression for the probability density function of 7.

(iii)  Deduce the mean and the mode of T'.

Markscheme

(a) (i) using I’Hopital’s rule once,

n n—1
lim £ = lim
z=300 e T—00

nx

S (AD)(AD)

Note: Award A1 for numerator, A1 for denominator.

if n > 1, this still gives = so differentiate again giving

n(n—1)z" 2 (AD)

lim o

T—00
if n > 2, this still gives = so differentiate a further n — 2 times giving M1
!

Hm e Al
—0 4G

(i)  first prove the result true for n = 0



Sl e?dz = — 1 [e7]* = 1 asrequired  MIAI

assume the result is true forn =k M1

consider, forn =k + 1,

000 Pl AT dy — _% [warle*)\w];o + k‘)*\‘_l fooo zFe de  MI1Al
= ()2 x B 41
(k+1)!

therefore true for n = k = true for n = k 4 1 and since true for n = 0, the result is proved by induction =~ RI
Note: Only award the R1 if at least 4 of the previous marks have been awarded.

Note: If a candidate starts at n = 1, do not award the first 2 marks but follow through thereafter.

[13 marks]

(b) () E(X)=21 [gntleredy MI

n! JO
AL (n+1)!

! Al
_ (nj\rl) Al
(ii)  the mode satisfies f'(z) =0 M1
fl(z) = ’\:!rl (nz"le A" — Azg"e ) Al
mode = &+ Al
[6 marks]

() (@) P(T>t¢t)=P(0,1or2arrivalsin |0, t]) (MI)
2

—e ¥ 4 e 8 x8t+e 8 x @ Al

=e ¥ (1+8t+32t%) AG

(i) differentiating,

—f(t) = —8e ¥ (1 + 8t + 32t%) + e (8 + 64t) AIAI

Note: Award A1 for LHS, A1 for RHS.

f(t) = 256t%~% Al
(iii)  with the previous notation,n =2, A=8. (MI)

mean = % Al
mode = % Al
[8 marks]

Note: Do not follow through if they use a negative probability density function.

[27 marks]

Examiners report

[N/A]



Draw slope fields for the following cases for —2 < & < 2, —2 <y < 2

Explain what isoclines tell you about the slope field in the following case:

. dy
ai.g = 2. [2]
. dy
aiig =z + 1. [2]
.. dy
aliig> =2 — 1. [2]
. dy
b.i. 3 = constant. 1]
. dy
b.ii = f (). (1]
d
c. The slope field for the differential equation d—z =z +yfor—4 <z <4, —4 <y < 4isshown in the following diagram. [2]
y
i)
[ Y | / i ! I
« = 2 13y o
\ “ _ 7 l.’" ! / ! |
L~ ! / | /
v ! N T 1
P A | 3 X
-4 -3 -2 -1 1 2 3 ‘fl'
b =1k £ 1
R NN
I N TN
[ N R U N
Explain why the slope field indicates that the only linear solutionis y = —x — 1.

d. Given that all the isoclines from a slope field of a differential equation are straight lines through the origin, find two examples of the differential  [4]

equation.

Markscheme

a.i.

Y A
/

[2 marks]



a.ii.

e N g e #- ;' A2

JR—

[2 marks]
a.iii. f
/ / :L / /
-...,,akwﬂ,._..,.\.........w.hh.:q.-._w.ak.-w‘_._‘h._._.. A2
(A U S G
IR S
i
[2 marks]

b.i.the slope is the same everywhere A1
[1 mark]

b.iiall points that have the same & coordinate have the same slope A7
[1 mark]

c. this is where a straight line appears on the slope field A1

There is no other straight line, all the other solutions are curves A1l

[2 marks]
d. given g—z = f(z, y), theisoclines are f (z, y) =k  (M1)

here the isoclines are y = kx (or x = ky) (A1)

any two differential equations of the correct form, for example
dy ky dy  kz dy . y dy . x
T @ = —fsm(—),afsm(g) A1A1

[4 marks]

Examiners report



ai VA
ailNVA
aiit VAl
b.i. /Al
b.il VAl

IN/A]
d'_ IN/A]



